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Abstract. We show that if a Barlow-Evans Markov process on a vermiculated space is symmetric, 
then one can study the spectral properties of the corresponding Laplacian using projective limits. 
For some examples, such as the Laakso spaces and a Sierpinski Pate a Choux, one can develop a 
complete spectral theory, including the eigenfunction expansions that are analogous to Fourier series. 
In addition, we construct connected fractal spaces isospectral to the fractal strings of Lapidus and 
van Frankenhuijsen. 

1. Introduction 

We study symmetric regular Dirichlct forms [12 on the fractal-like spaces Foo constructed in TU]. 
Barlow and Evans in describe a construction for a new, interesting class of state spaces for Markov 
processes utilizing projective limits. We furthermore assume that the base spaces are Dirichlet metric 
measure spaces, that is, metric measure spaces equipped with Dirichlet forms. We show that in 
this case one can develop a complete spectral theory of the associated Laplace operators, including 
formulas for spectral projections, utilizing the tools of Dirichlet form theory. The characterization of 
the spectra of the Laplacians presented here is a generalization of those obtained previously by the 
first author for Laakso spaces in [^J [13] ■ 

Given a measure space on which one has a Laplacian it is natural to study the spectrum. As 
the measure space becomes more complicated this task can become very difficult. On fractal spaces 
such as the Sierpinski gasket and carpet this problem has been extensively studied (151 [71 [51 [TCI [TT] . 
For finitely ramified self-similar highly symmetric fractals a complete spectral analysis is possible 
although rather complicated, see % ^ and references therein. Moreover, it is possible to extend this 
kind of spectral analysis to finitely ramified fractafolds, that is to metric measure spaces that have 
local charts from open sets of a reference fractal. This is one way of obtaining new examples from old, 
including isospectral fractafolds, see [251 126j . The projective limit construction provides yet another 
way of controllably obtaining new measure spaces and in this paper we examine how the spectral data 
transfers to the limit. 

The main goal of this paper is an understanding of the spectrum of a class of Laplacians. We have 
found that working in terms of the associated Dirichlet form to be more straight forward. This is 
particularly noticeable in Definition 12.41 Where the domain of a Dirichlet form is much easier to write 
down than the domain of the corresponding Laplacian. 
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As we discuss in the final section of this paper, the projective limit construction can produce many 
connected fractals which are isospectral to a given fractal string (see [20] and references therein). 
Which makes it possible to ask which fractal strings then correspond to connected fractals on which 
there are heat kernel estimates for a diffusion process. However, answering this question is beyond 
the scope of this paper. Determining heat kernel estimates on fractal spaces has a long tradition 
(see for instance, [H [51 [SJ [SI [H] and an extensive review in [13] )■ For example Laakso spaces have 
Gaussian heat kernel estimates while Sierpinski gasket-like fractals have sub-Gaussian estimates often 
depending on geometric conditions. 

One note of caution, our analysis of fractals defined as projective limits is entirely intrinsic on 
abstractly defined objects. Even in the simplest examples, Laakso spaces, the limit space is not 
bi-Lipschitz embeddable in any finite dimensional Euclidean space. 

We begin with definitions in Section[2] In Sections[3]and[4|we provide the background on projective 
systems of measure spaces along with the limiting procedure for the Laplacians on each approximating 
measure space. Section [5] contains the main results of the paper which give a decomposition of the 
spectrum of the Laplacian on the limit space. Then in Section [5| we describe three classes of examples 
of spaces that can be constructed with this method, and outline the computation of the spectrum in 
each case. 

2. Definitions 

The following definitions are based on those given in |10] and references therein. 

Definition 2.1. Let Fa be a locally compact second- countable Hausdorff space with a a—finite Borel 
measure ^Fq- ^'^ addition we assume there is a sequence of compact second- countable Hausdorff spaces 
Gi for i ^ with Borel probability measures fiQ. . 

Inductively define a sequence of locally compact topological measure spaces and maps between them 
as follows (refer to Figure\^. Suppose i > 0, is defined, (is a locally compact second- countable 

Hausdorff space,) and Hi C Fi^i is closed. Set 

F, = {F,^i \ Bi) X G, U B, 

and 

{x,g) if X <E Fi^i\B.i^i 
X if X G Bi^i. 

The space Fi is topologized by the map -k^, which means that a subset of Fi is open if and only if its 
TTi preimage is open. 

The map ipi is the natural projection from Fi^i x Gi i-^ ^i-i cind define (pi — ipiO n^^ : Fi i— > 
Alternatively (pi can be defined by 

'Pi{.x,g)=x if X e Fi_i\B,_i 
(pi{x) =x if X e Bi^i. 

Definition 2.2. The sequence of spaces and associated maps {Fi, Gi,(pi,T:i,ipi} will he called a Barlow- 
Evans sequence. 

For the rest of the paper a space Fi will be assumed to be a member of a Barlow-Evans sequence 
with all the associated maps assumed. For any M = 0, 1, . . . , oo we shall denote the norm on 
functions over by || • ||m- These norms should not be confused for the norms which are not used 
in this paper. 

If / is a function on Fi then tt*/ is a function on -F^-i x G,; defined by 

</ = / °7r,. 

Similarly for ip*, <p* and also set <p*^ = 0* o • • • o <p*^i taking functions on Fj to functions on Fi. 
Proposition 2.1. For all i > 1 

f e Co[Fi] if and only if tt* f G Go[Fi_i x G,]. 



'Ki{x,g) 
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Fi X G 



Fo X Gi 




Figure 1. The sequence of spaces and the maps between them in Definition 12. II 



Co{F,^i X G,) C ^ Lti^Ll 



Co{F,) 



Dom{Ai^i) (g) 



J Dom{Ai 



Figure 2. A diagram of function spaces. The vertical injections are isometric and 
induced by the map tt^. 



Proof. RecaU that Fi has the induced topology from Fi^i x d by tt^. That is U C Fi is open if 
and only if tt~^{U) C Fi^i x d is open. Let F C K, then f^^{V) C Fi is open if and only if 
7r~^(/~^(F)) C X Gi is open. But 7r~-^(/~^(y)) = (7r*/)"^(V^) so as V ranges over all open sets 
of K we have that / and it* f are both either continuous or discontinuous. □ 

Definition 2.3. Given fipo inductively define measures iiPi on Fi fori > 1 by 



f dm 



'Fi JFi^ixGi 

The measure fip. is defined on the Borel a— algebra generated by the above defined topology on Fi. 

Note that if is a finite measure with mass |/iFol then all /ij?. have the same total mass. Thus 
we have L'^{Fi,pii) for all i on which we define Dirichlet forms. 

Definition 2.4. If a Dirichlet form J'i-i) on Fi^i is regular then define (£i,?i) by 



Jo, 

and Ji to be the closure in the \\ ■ Wf + £i(-,-) metric of di = {f ^ (i^i , /i^. ) | Tr*f{x,g) = 
ELi fk{x)hk{g), fk e 3^^-l, hk e G(G,)}. 

Note that tt*/ is a function in two variables, one along Fi-i and another along Gi. So this 
definition can be read as applying £i_i to tt*/ for each element of G,; and then integrating over Gi. 
Before examining the properties of (£^,3^^) we make sure it is well defined. 

Lemma 2.1. For f (z ^i £i_i(7r*/, 7r*/)(g) is fj,G. -measurable. 

Proof. Let tt*/ — fi{x)hi{g) where /i G £i_i and hi e G{Gi). Then 

£,_!«/, 7r*/)(g) = £,_i(/i(a:)/ii(g),/i(x)/ii(.g)) - /i?(.9)£,-i(/i, /i) 

Which is a continuous function of g G Gi and hence Borel measurable. This extends to finite linear 
combinations naturally. □ 

Lemma 2.2. //£i_i is regular then for i > 1 5^.; n CalFi] is a dense subset ofCo[Fi]. 



4 



BENJAMIN STEINHURST AND ALEXANDER TEPLYAEV 



Proof. Fix / e ColFi] and e > 0. Let X = Tri{ip~^ o ^l;i{supp[TT* f])) C Fi. Then X is compact and 
/ = on dX. Then on X, the collection of elements of 5"^ restricted to X is closed mrder products 
and contains constant functions and separates points of Fi. By the Stone- Weierstrass Theorem 
restricted to X is dense in C[X] so there exists a finite combination of elements of that approximate 
/ uniformly within an error of e on X such that the supports of these functions are contained in the 
support of /. This finite sum of elements of restricted to X all vanish in a neighborhood of dX so 
as functions they can be continued to all of Fi by setting them equal to zero on X'-^ . □ 

Theorem 2.1. If is a regular Dirichlet form, then Ei are also regular Dirichlet forms for all i > 0. 
Moreover, if £o is local then Ei is local as well. 

Proof. We proceed by induction. The base case is given as an assumption so it suffices to show that 
if £i_i is a local regular Dirichlet form then so is fi^. By Lemma [2. II £, is well defined. The locality, 
linearity, non- negativity, and Markovian property of £i follow directly from the definition and the fact 
that /iQ. is a positive probability measure. 

The form £i must be shown to be closed for it to be a Dirichlet form. To be closed 'Ji must be 
not only closed but complete under the || • ||^ + £i(-,-) metric. Assume that Un G ^i be Cauchy 
and that \\un\\i 0. This is sufficient since S^i is the closure of this set. If u„ are Cauchy in the 
II • ||i + £(•, •) metric then it is Cauchy in || • || j. By Definition [2]3] this can be interpreted as 7r*u„(x, g) is 

convergent in the x— variable thus there is an almost everywhere convergent subsequence = 
so that ||7r*Mj,(-, (7)||i_i — >■ for almost every g S Gi. It remains to show that fp{g) = £i_i(7r*Up(-, 5)) 
is for almost all g Cauchy for some subsequence of u^^ — Up. 

In order to see that fp{g) is Cauchy for almost every g for some subsequence u^^ = Up recall that 
Un is Cauchy in the || • ||i + £(•, •) metric so £-i{un,Un) is a Cauchy sequence of positive numbers. In 
Definition l2.4l the form £i is defined as the integral over Gi of /„((/) so is a L^{Gi) convergence sequence. 
This means that along the subsequence Up fp{g) converges for almost every g. Since ■K*Up{-,g) — > 
then fp{g) — )■ by the fact that £i_i is assumed to be closed by the induction hypothesis. Which is 
by [12] sufficient for £i to be a closed form on 3^,^. 

By Lemma [2.21 1'?,- n Co(Fi) is uniformly dense in Co(Fi). By construction of {ti,Ji) ^i is a dense 
subset of J'i in the || • ||| + £i(-, •) metric. Hence Ei is regular if £i_i is regular. 

Let u,v £ Ei have disjoint support. Then 7r*Ui and tt*?; have disjoint support in Fi^i x Gi. Since 
£i_i is by assumption local then for each g £ Gi ■n*u{-,g) and ■K*v{-,g) have disjoint support and thus 
£i_i(7r*u, 'K*v){g) = for all g G Gi. Then taking the integral over Gi we get that Ei{u, v) = 0. Thus 
if £i_i is local then £i is local. □ 

Corollary 2.1. The domains of the Dirichlet forms Ei are nested. That is 

0: J.-i C J.. 

Proposition 2.2. /// € 'Ji then tt* f{-,g) £ for almost every g £ Gi and £.i^i{TT* f){g) £ L^{Gi). 
Proof This holds if 

n 

fe{fe L^F,,fiF^)\TT:f{x,g) = fk{x)hk{g), 

k=l 

Where fk G 3^i-i, E C{Gi)}. Thus it only remains to show that these properties are preserved 
under the || • ||^ + £i(-, •) norm. The continuation of these properties follow from the proof of Theorem 
12.11 in particular the proof of the closability of £i. □ 

3. Projective Limits 

The construction that is considered in this paper is a means of constructing state spaces for the 
symmetric diffusions via projective limit. Effectively this process takes compatible sequences of topo- 
logical spaces and taking their limit. Barlow and Evans ^10, considered this construction as a way to 
produce exotic state spaces for Markov processes. Then [21] specialized Barlow and Evans work to 
Laakso spaces [T8] . 
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lim^ F, 



Fi X G: 




Figure 3. The projective system of spaces and the maps between them. 



Definition 3.1. A projective system of measure spaces is a collection of measure spaces {Fi,fj,p.) with 
projections (f>i : Fi i^i-i such that for a iJ.F._^~measurable set A that ^p.{(j)^ (A)) = (j)*iJ,p.{A) — 
t^Fi-i (A) . Then a projective limit can be defined as hm<_ Fi C Yii Fi as the set of sequences Xi G Yli Fi 
that have the property (j)i{xi) = Xi^i. Then the canonical projections $j : Fi 
to hm.j_ Fi and have the consistency property: 



Fj can be restricted 



o $, 



i > 1. 



Proposition 3.1 f|14|'). There exists a unique measure on hm<_ _F!i denoted fip^ if the masses of fip. 
are uniformly bounded. Then fip^ satisfies 

(1) f,pM) ^ l^F^{'^;\A)) 

for all A that are fi p.— measurable. 

Corollary 3.1. If Hp^ is a— finite then there exists a unique fj,p^ on Fqo which satisfies (Qp. 

Proof. Since iip^ is cr— finite there exists a partition of Fq such that each element of the partition has 
finite measure. Apply Proposition 13 . 1 1 on each member of the partition and then take fip^ to be their 
sum. □ 

We shall often have probability measures on Fi so that it will be possible to consider directly the 
limit measure space (lim<_ Fi, fip^) without the worry of this corollary. Note that as maps from the 
Borel functions on Fi to the Borel functions on F^o that $* are R-linear maps. 

Proposition 3.2. Let closuniform represent the closure operator in the uniform norm then 

Go(i^oo) = dc 



OO 



lOSunif orm 



4. Projections and Laplacians 

Having constructed Dirichlet forms on the approximating Fi we now turn to a Dirichlet form over 
Foo. Recall that the L'^{Fm ^ ^J-Fm) norm by || • \\m for M = 0, 1, 2, ... , oo. The existence of projective 
limits of Dirichlet spaces (Li^ spaces equipped with a Dirichlet form and its domain) is briefiy discussed 
in [TT]. We develop the existence for the sake of the accompanying notation which is then used to 
describe the decompositions in Theorem 14.31 The decompositions rely on the specific structure of the 
equivalence relations used in defining the projective system and are not a general feature of projective 
systems of Dirichlet spaces. 

Definition 4.1. Given a Barlow-Evans sequence let Eoo be the quadratic form on lYm^^ Fi defined by 

£oo($>,$,*w) = £»(u,w) 
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For all u Cz The domain of £00 *s 

where the closure is in the £00 + || • ||oo metric. 

Theorem 4.1. // (£0,3^0) a regular Dirichlet form then the pair (£ooi9^oo) a regular Dirichlet 
form. Furthermore, if £0 is local then E^o is local as well. 

Proof. Linearity, the Markovian property, and positivity follow immediately from the definition. What 
remains to check is that £00 is closed and regular. The proof that £00 is a closed form follows the same 
type of argument as used in Theorem 1 2. II From that theorem we have that all the £i are closed. Using 
the same criterion, we assume that m„ G [J^tS^i is Cauchy in the metric given by £oo(-, ■) + II ' lloo 
and that ||un||oo — > 0. Then we need to show that £oo(un) — > 0. This will show that (£00, U '^'i 
is a closable quadratic form and the closure will be (£00, 9^oo) as defined above. Let e > then there 
exists N > such that ||un||oo < e for n > iV. Then there exists M large enough such that u„ S J'm 
for n < M and since £m(um) < £• Such a finite M exists because all of the £i are closed and the first 
Af of the Un form the beginning of a Cauchy sequence in £ a/ (•,•) + II ' II a/- This M depends only on e 
so by taking a sequence ep — > there is a subsequence u„p along which £oo('Unp) — > 0. Since this was 
a Cauchy sequence by assumption we have £00 (wn) — > 0. 

The next claim is that £00 is regular. This requires a statement of what the continuous functions on 
lim<_ Fi are. The continuous functions on the limit space are those functions that are in the uniform 
closure of functions of the form <&*/ for some i > and / G C{Fi). This is from the topology given 
by the inverse limit construction on the limit space. Elements of 3^oo can be used to approximate 
elements of C{Fi) by the regularity of £i any continuous function on lim<_ Fi can be approximated 
by a sequence in 3^oo by taking a diagonal sequence. Similarly one can take a diagonal sequence of 
continuous functions approximating elements of J 00 ■ 

Finally, we claim that if the £i are local then £00 is local as well. Let /, 5 € 3^oo with disjoint 
compact support. Then / and g are approximable in £00 by /„ and gn such that for each n /„ and 
gn have disjoint compact support. Since £00 is a closed form 



£oo(/,.g)= hm £oo(*^/«,^'Iffn) = lim £„(/„,g„) = 0. 



□ 



Theorem 4.2. // is the Laplacian generated by E-i and : lim<_ Fi — > Fj the continuous projection 
from the projective limit construction. Then 

$*_iDom(Ai_i) C $*i?oTO(A,) Vi > 0. 

Proof. For a general Dirichlet form g e Doto(A) if and only if there exists f ^ such that for all 
V that 

It is sufficient to check that if u G Dom(Ai_i) then (f)*u € Dom{Ai). We shall use Proposition 12.21 to 
ensure that TT*v(-,g) G 3^i-i for a.e. — g. Let u S Dom{Ai^i) and v G 3^^. 
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£i{^*u,v) = / £i-i{'jT*(f)*u,TT*v){g) dnGi 



Gi 

E,i-i{u,Tr*v) dfiGi 

JGi JFi-i 

= / {Ai_iu){'K*v) dflFi.rxGi 

JFi_ixGi 

= J {(f>*u)v dfJ,Fi 

Thus (l)*i{Ai_iu) = Ai(j)*u. □ 
Definition 4.2. For i>l, given a Borel measurable f : Fi ^M. define the projections J*, and by 

and 



{^if){x)= [ {7r*f){x,g) dllG,. 



IGi 

These projection can be defined with domains Co{Fi), L^{Fi), or any subsets of these. The domain 
will be made clear in each context. 

The integral in this definition maps a function on -Fi-i x to a function on -Fi_i so that Ti takes 
functions on Fj and returns another function on Fj. Note that for x G Bi that 'S'if{x) = fix). Because 
TT*f{x,g) is constant over all the values of 5 if a; e -Bj. However the 5*, can be composed to project 
down several levels. Let 11 j be the left inverse of then the families and 11 j satisfy the following 
relation for / G L'^{Fi) 

n.-io $*(/)- 

Lemma 4.1. The generator 0/ £00 denoted A^o is the weak limit o/$*Ajnj where 

Dami^AiUi) = $*L»om(Ai). 

Proof. First A^o is the unique maximal self-adjoint operator on L?(F^) such that for all / S 

Dom{Aoo) C 3^oo and g G 3^oo that 

(Aoo/,5) = £oo(/,5)- 

For / e Dom{Ai) and 5 e Jj 

£00 = £^(/,5) 

= {^if,9)L^Fi) 

= {^*Aif,^*g)L2^F^y 

This equality holds for all g' G Joo because Ilj^' e Hi. Also there exists /' G 3^oo such that Hj/' = /, 
namely $^/. Hence this equality can be rewritten as 

Eoo{r,9') = {^*AiU,f',g')i^2^F^y 

Since n is an orthogonal projection, A^ is self-adjoint, and $* is an inclusion map, ^*AiIli is a self- 
adjoint operator with domain $|£)om(Aj). Notice that ^lAjEj possesses the defining property of 
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Aoo on ^* Dom{Ai) so $*Z?om(Ai) C Dom{Aoo)- We now have 

{^ooLg)L^(F^) = £oo(/,5) 

= lim £,(n,/,n,.g) 

= lim (A,nj,n,5)£2(^_) 

= iim($*A,n,/,<i>*n,g)i2(^^) 

Where / G Dom{Aoo) and g G S'oo where 11^ : Dom{Aoo) i— > Dom{Ai) which follows from Lemma 
14.41 Since ^*llig — >■ g in ff'oo with i going to infinity we get that Aqo = w — limi_yoo *i'*Aini. □ 

Definition 4.3. Set the following notation: 

A:er(T,|c(F.)) = 

ker (yi\L2(Fi)) = 

Lemma 4.2. Let CP^ he defined on Co{Fi). Then 

Co(F,) = 0*(Co(F,_i))®e,. 
Moreover, ft, G 6^ if and only ifh(x,g) satisfies 

/ dfiGi =0 Va: G -Fi_i. 

Jg, 

Proof. First note that any characterization of the kernel of Vi is a statement about the pull back 
of functions from Co{Fi) to Co{Fi^i x Gi). On -Fi_i x d one can distinguish two closed sets of 
functions. The first that are constant over Gi and the second those that have mean zero over Gi for 
every x G Fi-i. These two sets of functions are V'.*(C'o(-Pi-i)) and n*Ci respectively and both are 
subsets of Tr*Co{Fi) and only have the constantly zero function in common. Since they are both in 
7T*Co{Fi) consider their images in Co{Fi), these are now the two summands in the statement of the 
Lemma. 

Take / G Co{Fi), we want to write / as the sum of an element in <j)*Co{Fi^i) and an element in C^. 
Write / = y^{f) + (/ - y^if)). Then y,{f) G (f)* {Go{Fi_i)) since y^ is the projection onto precisely 
those functions. Then we need to check that 7r*(/ — has mean zero over Gi for every x G i^i-i- 

/ <(/-T,(/))(x,5) dm = / <(/) d/iG. - / dA^G. 

JGi JGi JGi 

Jg^ 

(2) - / / <(/) d^iG,d^iGi 

JGi JGi 

In ([2]) the integrand of the outer integral has no g dependence the integral only serves to push it's 
integrand back into a function on Fi-i. Because Figure [T] is a commutative diagram this integration 
composed with 7r*0* is the identity operator. Thus 

/ <{f - m))ix,g) df^G. = I <(/) d^XG^ - [ n*{f) df,G. = 0. 

JGi JGi JG, 

□ 

Lemma 4.3. Let T,; be defined on L'^{Fi). Then 

L'{Fi) = 4>*{L'{F,^i))®L,. 
Elements of Li have the corresponding property as elements of Qi for almost every x G -Fi-i. 
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Proof. This Lemma follows the same ideas as the previous however the technicalities are reduced 
because we are working with a Hilbert space. If Ti is the projection onto then the 

claimed decomposition is just the orthogonal decomposition. By definition is a projection so it 
only remains to show that it is only 0*(L^(Fi_i)). Take any element / € (/)*(L^(Fj_i)) and calculate 
Tiif). This is a short calculation which immediately shows that / = in L'^{Fi). □ 

Lemma 4.4. Let he defined on li. Then 

Elements of have the corresponding property as elements of Li. Moreover the core, C{Fi) n If ^ of 
the Dirichlet form {8.i,3^i) has the same decomposition. 

Proof. The decomposition of is a consequence of Lemma [4.3l and the characterization of the elements 
of ker CPi follows similarly to the previous lemmas. The novel claim is the statement concerning the 
core of IFi. The core of that we chose is C{Fi) n 5"^. That this is a core is a consequence of the 
regularity result in Theorem 12.11 Lemma [4.21 gives this kind of decomposition of C{Fi) but it still 
needs to be checked that if / G C{Fi) n is decomposed according to Lemma 14.21 that the two 
components are again in 0*(3^i_i) and J[ respectively. 

Let / £ C{Fi)i n 'Ji and decompose into e C(Fj_i) and fc E Ci. We will show that 

fi-i e and fc £ 3^i. Because is closed in Ji and £i_i is assumed to be reg- 

ular it is enough to check elements of D C{Fi) for these properties. Let f G 'Si <^ C!{Fi) then 
{tt* f ){x, g) — X]J=i where the fj and hj arc all continuous. The action of Vi on / is 
= '/':(E"=i fj{x) Ig hj{g) dMG.(5)) = /.-I- Which is in by the definition of 5,. Set 

/c this is in j^nc(F,) c e,. □ 

Definition 4.4. Let Dq = <i>Q£'om(Ao). The inductively define D - by: 

Where the orthogonal compliment is taken in L'^[Fi). This implies that <i>*£'om(Aj) — ffij^gS)^. 
Theorem 4.3. 

L^iFo,,fioo) = cloSL2^F^^^^){^L''{Fo,f^Fo)®i®Zl^^^^)) 

C{F^) = dos„™/($5C(Fo)® (®,^i$*e,)) 
3^00 = clos:,^m%®(®Zi'^*m 

Proof. By definition L'^{Foo, fJ-F^) is the completion of [J'^q L^ {Fi, fi p.) what is new is the direct 
sum decomposition. Let / G L^(Fi, ^i) then notice that f = {f - Tif) + 0^ (^i/) G © ^*L^(Fo). 
In general for / e L^(F2) we would have 

/ = (/ - ^2/) + r.iy^f - VM) + ^^My^y^f) G £2 ® cj,*Li ® (l^;<l>lL\Fo). 

Continuing by this method we have the direct sum expansion for L'^{Fi) for any i>l. The L^(Foo) 
limits of these expansions must then be all of i^(Foo). The same argument works for C(Foo) and 

?oo. □ 

The domain of Aqo can be decomposed into the direct sum of 2)-, or as Dom{Aoo) n Li or as 
Dom(Aoo) n % 

Lemma 4.5. The three direct sum decompositions of Dom{Aoo) agree. 

Proof. Because 3^oo C L^(Foo) we know that 3^'^ C Li. This together with the fact that Dom{Aoo) C 
3^00 implies that Dom{Aoo)f^Li = Z)om(Aoo)n?'^. What remains to be shown is that when the closure 
of the direct sum is taken that all of Dom{Aoo) is obtained as limits of elements of Dom{Aoo) H IF^. 
Suppose there exists a 5 G Dom{Aoo) such that for any sequence G Jo ® [®"=o {Dom{Aoo) n J,')] 
there exists e > such that \\g — gn\\L^ + || Aoo(.g — .9n)IU^ > ^- That is 5 G Dom{Aoo) but not in the 
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closure of (B°^q {Dom{Aoo) n JQ. Then choose g„ such that g„ — gn-i S and (/„ — >• g in iFoo and 
in L'^{F^). Hence || Aoo(g - ffn)||L2 > £• So 

< ||Aoo(5-5n)||i2 < \/ £00 (.9 - .g„)||Aoo(5 - 



\\g - 9n\\ - V£oo(Aoo(5 - 9n))\\g - 



< V £00(5 - 5n)- 



||Aoo(ff-g«)|| 

As n 00 the right hand side goes to zero by the choice of (/„. However since ||Aoo(.g — gn)\\L^ > e 
the left hand side goes to one. So the g did not exist. □ 

5. Main Results 
Theorem 5.1. The spectrum of A^o is given by: 



a(Aoc) = U ct(A,) = y a(Aoc|j,^) 

1=0 i=0 

Proof. Let z <E cr(A„). Then by Lemma HTTl (A„ — z) is not invertible on Doto(A„). Since (Aqo — 2) 
agrees with (A„ — z) on <I>*Doto(A„) C £'om(Aoo) we have that (Aqo — 2) is not invertible. Hence 
cr(A„) C o-(Aoo) for all 71 > 0. This implies that cr(A„) = a{Aoo\vJ where 2)„ = ©"=o®j ^^'^ 

(t(Aoo|x)„) = ULo'^(^oo|s'J. 

Suppose that z e cr(Aoo) and z ^ Ui^o'^(^«)- Define : L'^{Foo) Dom{Aoo) by 

= w - lim $*(Ai - z)-1H,. 

We claim that is the inverse of (Aqo — 2) contradicting the assumption that z € (t(Aoo). Recall 
that Hi is a bounded linear and hence continuous operator. Let / € Ui^o ^iDom{Ai), then 

B,{A^-z)f ^ lim $;(A„-z)-iH„ lim $;,(A™-z)H™/ 

71— )-oo rn— >-oo 

(3) = lim $;(A„-z)-iH„$;,(AAf-z)HM/ 

n—^oo 

= ^*j^{AM-z)-\AM-z)IiMf 

= /• 

For large enough m limm-s-oo $m(Am — •z)n„i/ stabilizes to $^(Am — z)n7\// then as n grows ^ will 
also stabilize for n > M. Then since Aqo is a closed operator the claim extends to Dom{Aoo)- Finally 
by the decompositions in Lemmas 14.31 and 14.41 the last limit equals /. The same calculation can be 



used to show that (Aqo — z)Bz — Id. Thus there exists no z G cr(Aoo) but not in IJ^g cr(Ai). □ 

In the standard theory of self-adjoint operators lie the spectral resolutions of self-adjoint operators 
[19]. These spectral resolutions are orthogonal projection valued measures over R supported on the 
spectrum of the operator they are representing. For Aoo let Ex be the spectral resolution. Then 



A^/= / XdExf. 

Note that for each X E M., Ex : L'^{F^) — ^ Dom{Aoo) where for / ^ Dom{A^) the integral fails to 
converge. We also have the orthogonal projections out of Dom(Aoo). 
From the previous discussion the following statement follows immediately. 

Theorem 5.2. Let Ex be a spectral projection operator for A^o. Then for all X G M. and i € N 

2)^ n Ex{Dom{Aoc.)) ^ Ex's',. 

Similar statements could be made for L^{Foo), 3^oo, however we have not developed the notation 
for these spaces corresponding to the S)^ notation. 
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Theorem 5.3. Suppose that £o a local regular Dirichlet form. IfGi have bounded, finite cardinality, 
Fq is compact, Fi \ Bi consists of disjoint open sets whose diameters are monotonically decreasing to 
zero in i and the cardinality of Bi is finite and increasing then a{Ai) are all discrete and (t(Aoo) = 

Proof. By the finiteness of the Gi we have that Foe = Fq x K/ ^ where K \s a. Cantor set and the 
equivalence relation ~ is the union of all the Which implies that F^ is compact. If it can be shown 
that minJ)i increases without bound then the union will be nowhere dense and no new eigenvalues 
will be generated from the closure. 

By the assumptions on the cardinality of Bi and that Fi \ Bi each eigenfucntion of is decom- 
posable into eigenfunctions of Ai_i on each connected component of Fi \ Bi which is isomorphic to 
an open subset of Fi-i. Let f (i1)i with eigenvalue \i = mincr(Ai|xi.). Then / restricted to a single 
component of Fi \ Bi is locally an eigenfunction of Ai_i with eigenfunction and Dirichlet boundary 
conditions at Bi. If Ai_i has a fundamental solution which is strictly positive then Aj must be larger 
than Ai_i by the assumption on the sizes of the open components of Fi \ Bi. □ 



6. Examples 

6.1. The Laakso fractal and the heat kernel estimates. Laakso spaces were initially introduced 
in [T5] using the Cartesian product of a unit interval and a number of Cantor sets. In [531 HI] it was 
shown that they could also be constructed using the projective limit construction presented originally 
in [To] and reiterated above. Take Fq — [0,1], the unit interval. Let Gi = G = {0,1}. Choose a 
sequence {ji}'j^i where ji G {j,j + 1} for some fixed integer greater than one. Define 

N ( ■ ^ djv-l 



A' J , = 



1=1 



Then set _B„ — 0^q(L„ \ The sets describe the location of what the quotient maps tt^ 

collapse and d^ the separation of the new identifications from any old identifications. A Laakso space 
will be denoted by L. 

If £o is taken to be the simplest Dirichlet form on the unit interval, namely £o(it, v) = ^^dx 
with the Sobolev space i?^'^([0,l]) as J'q, then there is a limiting Dirichlet form, £oo, on L which 
has a generator Aqo- The analysis of Aoo's spectrum is the topic of [21 and several chapters in [23) . 
Using the arguments involved in the proofs of Theorems 15.11 and 15.31 the following results are known. 



Theorem 6.1 (^21,). Let L be a Laakso space with sequence {ji}. The spectrum of A^o on this Laakso 
space is 

OO OO oo oo oo oo 

'^(A) = U U {fc'-X}u u u {fcvou u u {i2k+i)\Hdi}. 

n=Ofc=l Ti=2fc=l n=lfc=0 

6.2. Sierpinski Pate a Choux. The name of this example was suggested by Jean Bellisard who 
commented that such a space would evoke the memory of puff pastry in the reader. Denote by SG the 
standard Sierpinski gasket constructed as the limit of the iterated function system Ti{x) — \{x—qi)+qi 
for I = 0,1,2 where go = (0,0), qi = (1,0), and q2 = (1,^3/2). Let Fq = ^G, = G = {0,1} and 
Lii — Vi \ Vi-i. We use the convention that Vn consists the images of the points qi under all the n-fold 
compositions of the contractions Tj . 

Lemma 6.1. The limit space F^o is an infinitely ramified fractal with Hausdorff dimension dh — 
1 + dniSG) = with respect to the geodesic metric. 

Proof. The cell structure on F^o induced by the cell structures on SG and on the Cantor set have 
boundaries that are themselves Cantor sets. Hence F^o is infinitely ramified. Since t~^(i^oo) C SGx K 
the Hausdorff dimension is at most . By the same argument as in [24] it is at least . □ 
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In light of Theorem 15.31 it would be possible to write out explicitly the spectrum on Foo as we did 
with the Laakso spaces. In particular, it is possible but somewhat involved to write the spectrum in 
a closed form. The reader can find solution to a similar problem in [25]. We note that, in the limit, 
the Sierpinski Pate a Choux is not a Sierpinski fractafold, but the approximations are fractafolds. 
However, despite the fact that these fractafolds are very complicated, the spectrum of the Laplacian 
on Fi can be found inductively using methods presented in this paper. In particular, the spectrum 
of each Laplacian is a union of the spectrum of a large collection of disjoint fractafolds (with 
Dirichlet boundary conditions). These fractafolds are rescaled copies of two kinds of finite fractafolds, 
and therefore the spectrum can be found using the methods of [25] . and the standard rescaling by 
5". This is very similar to how the spectrum is found in the case of the Laakso spaces, described 
above. Finally, we can comment that the Laakso spaces are built using intervals, which are one- 
dimensional analogs of the Sierpinski gasket. Therefore, in a sense, the Sierpinski Pate a Choux is a 
direct analog of the Laakso spaces. Combining the approaches of [151 [23l [211 [25l [26] one can study all 
the eigenfunctions and eigenprojections, which will be subject of subsequent work. 

6.3. Connected fractal spaces isospectral to the fractal strings of Lapidus and van Pranken- 
huijsen. Fractal strings are given a comprehensive treatment in [20 , in particular in relation to spec- 
tral zeta functions, and we will only give a brief description here. We show that our construction 
can yield connected fractal spaces with Laplacians isospectral to the standard Laplacians on fractal 
strings. This implies, in particular, that there are symmetric irreducible diffusion processes whose 
generators are Laplacians with prescribed spectrum, as in the theory of fractal strings developed in 

A fractal string is an open subset of M, usually assumed to be a bounded subset, or at least that 
the lengths of intervals are bounded and tend to zero. Therefore it is a union of countably many 
finite intervals of lengths U. We will suppose that the intervals are indexed so that the lengths form 
a non- increasing sequence. By indexing the fractal string with li and m^, lengths and multiplicities 
we can assume that U is strictly decreasing. The Laplacian that we consider on a / is the usual 
Laplacian on an interval with Dirichlet boundary conditions on all the intervals. The eigenvalues of 
this Laplacian are all of the form 

Kk - —p2- 

with multiplicity m^. What choices of Fi, Bi, and Gi can be made to create a connected fractal with 
the same spectrum as a given fractal string? As the desire is to "stitch" the disjoint intervals together 
there is no unique canonical method. 

To begin with, we let Fq = [0,li], Bi = {0,1} and Gi {1, 2, . . . , mi}. Then Fi will be mi 
copies of the unit interval with left end points identified and right end points identified. A particular 
implication of this step is that _Fo = -^i if and only if mi = 1. We impose zero boundary conditions 
at the endpoints, and therefore the spectrum of the Laplacian on Fi is the spectrum on Fq = [0,/i] 
repeated, in the sense of multiplicity, mi times. For the next step G2 = {1, 2, . . . , 7712 + 1}, and we 
choose 

= ([0, 1] X ([1 - 1] X {1} U [0, 1] X (G2 \ {1}))/ ^1 

where ~i is the equivalence relation on Fq x Gi determined by Bi. This implies that the spectrum on 
F2 is the union of the spectrum on Fi and the spectrum on [0, 12] repeated, in the sense of multiplicity, 
m2 times. For i ~ i we take 

B3 = [1 - h, 1] X {(1, 1)} U [0, 1] X (Gi X G2 \ {(1, 1)}). 

Then J5„ is constructed inductively in the same manner. This construction is in a sense a non-self- 
similar version of the nested fractal construction. It is also somewhat similar to construction of some 
of the so called diamond fractals, see [1] [22] 

In this setting one cannot employ Theorem 15.31 directlv. However it is easy to replace the condition 
on the cardinality of Bi with our specific choice of Bi, and the same result can be shown. Namely, 
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the spectrum of the Laplacian A is given by the union of the spectra of A„ and that 3), are functions 
with eigenvalues Xi^k with multiplicity rrii. 
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